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We compute concurrence, a measure of bipartite entanglement, of the first excited state of the 1-D
Heisenberg frustrated J1-J2 spin-chain and observe a sudden change in the entanglement of the eigen
state near the coupling strength α = J2/J1 ≈ 0.241, where a quantum phase transition from spin-
fluid phase to dimer phase has been previously reported. We numerically observe this phenomena
for spin-chain with 8 sites to 16 sites, and the value of α at which the change in entanglement is
observed asymptotically tends to a value αc ≈ 0.24116. We have calculated the finite-size scaling
exponents for spin chains with even and odd spins. It may be noted that bipartite as well as
multipartite entanglement measures applied on the ground state of the system, fail to detect any
quantum phase transition from the gapless to the gapped phase in the 1-D Heisenberg frustrated
J1-J2 spin-chain. Furthermore, we measure bipartite entanglement of first excited states for other
spin models like 2-D Heisenberg J1-J2 model and Shastry-Sutherland model and detect quantum
phase transitions.
I. INTRODUCTION
Advances in technology in the field of low tempera-
ture experiments have made it possible to engineer some
quantum many-body Hamiltonians using ultracold atoms
and ions [1]. Such quantum spin systems may be impor-
tant as substrates for quantum computation. Quantum
entanglement is a resource for quantum computational
tasks. Therefore, it is important to study and understand
entanglement in such systems. Bipartite and multipar-
tite entanglement [2–7] in ground states of quantum spin
systems have been studied and critical quantum phenom-
ena [8–14] have been detected. However, entanglement
of low lying excited states of quantum spin systems have
not been exhaustively studied [15–17]. In this paper, we
compute a nearest neighbor bipartite entanglement mea-
sure namely concurrence [18] of qubits in first excited
states of some non-integrable quantum spin systems.
The systems that we have studied are the one di-
mensional Heisenberg frustrated J1 − J2 spin chain, the
two dimensional Heisenberg J1 − J2 spin system and the
Shastry-Sutherland model. The ground states of these
systems have been investigated and bipartite and multi-
partite quantum entanglement have been measured [8].
Quantum phase transitions (QPT), a zero temperature
phase transition driven by system parameters [19], have
been detected in some of the cases. However, the quan-
tum phase transition from the spin fluid phase to dimer
phase has not been detected using any quantum entangle-
ment measure for the one dimensional Heisenberg frus-
trated J1 − J2 spin chain. The quantum phase tran-
sition from the gapless phase to the gapped phase in
the one dimensional Heisenberg frustrated J1 − J2 spin
chain was investigated by Haldane [20], Tonegawa and
Harada [21], Okamoto and Nomura [22] using exact di-
agonalization and field theory methods. It was reported
that the ground state is in the gapless or gapped phase
depending on the value of the coupling strength α. The
quantum phase transition point was estimated by inves-
tigating the singlet-triplet energy gap of finite size sys-
tems [21] followed by extrapolation to infinite system.
In Ref. [22], the phase transition point was determined
by investigating the difference between the singlet-triplet
gap and the singlet-singlet gap for finite size systems. In
Ref. [21, 22], the singlet-triplet energy gap was defined
as
Gst(N,α) ≡ E
(0)
1 (N,α) − E
(0)
0 (N,α) (1)
while the singlet-singlet energy gap was defined as
Gss(N,α) ≡ E
(1)
0 (N,α)− E
(0)
0 (N,α) (2)
where E
(0)
m (N,α and E
(l)
m (N,α are the ground state en-
ergy and the lth excited state energy in the Stotal = m
subspace, respectively.
The first excited states of the systems, considered in
this paper, are degenerate. Let
∣∣Ei1
〉
denote the i-th de-
generate eigenstate corresponding to the eigenenergy E1.
Then the density matrix corresponding to the first ex-
cited d-fold degenerate eigenstate is given by
ρ1 =
1
d
d∑
i=1
∣∣Ei1
〉 〈
Ei1
∣∣ (3)
Note that in this paper we do not consider different total
spin subspaces explicitly.
We measure the nearest neighbor concurrence of the
first excited state ρ1 of the spin chain, and notice a sud-
den change in the value of concurrence near the quantum
phase transition point [22, 23]. The computation along-
with the appropriate scaling analysis is done for spin
chains consisting of 8 to 16 qubits. The scaling anal-
ysis and the corresponding finite size scaling exponents
are different for even and odd spin chains. The quantum
critical point αc ≈ 0.24116 is estimated from the scal-
ing analysis of spin chains with even number of qubits.
2The finite size scaling exponent β = −1.962. The con-
currence versus driving parameter plot Fig. 1 for spin
chains with odd number of qubits shows two discontinu-
ities with both of them converging to the quantum phase
transition point in the asymptotic limit. The scaling ex-
ponent of the right shifting and left shifting discontinu-
ities are βR = −1.92 and βL = −2.082 respectively. The
nearest neighbor concurrence of first excited states of the
two dimensional Heisenberg J1 − J2 spin system and the
Shastry-Sutherland model for 16 qubits in a (4× 4) sites
square lattice have also been calculated. We get indica-
tions of quantum phase transition in both the systems.
In Section II, we discuss the results for the one di-
mensional Heisenberg J1 − J2 model in details and high-
light the importance of investigating the low lying excited
states in quantum spin systems. In Sections III and IV
we discuss the results obtained for the two dimensional
Heisenbergs J1 − J2 model and Shastry-Sutherland spin
model respectively. Finally, we conclude in Section V.
II. THE ONE DIMENSIONAL HEISENBERG
J1 − J2 SPIN CHAIN
We consider the Heisenberg frustrated one dimensional
J1−J2 model in which the nearest neighbor couplings J1
and the next nearest neighbor couplings J2 are both an-
tiferromagnetic. The Hamiltonian of the system is given
by
H1D = J1
N∑
i=1
~σi.~σi+1 + J2
N∑
i=1
~σi.~σi+2 (4)
Here, N represents the number of sites present in the spin
chain, J1 and J2 are antiferromagnetic coupling coeffi-
cients of nearest and next nearest neighbor interactions
and ~σ = σxxˆ+ σy yˆ + σz zˆ where σx, σy, σz are the Pauli
spin matrices. Some solid state systems like SrCuO2 may
be described by this Hamiltonian [24]. Periodic bound-
ary condition, σN+1 = σ1, has been imposed on all sys-
tems that have been investigated in this paper. It was
known previously that this spin system goes from spin-
fluid phase to dimer phase around α = J2/J1 ≈ 0.241. In
the weakly frustrated region, 0 < α < 0.24 the system is
gapless while it enters a gapped region for higher values
of the coupling parameter [25–27].
It may be noted that for a two qubit state ρ, concur-
rence C is defined as [18] max(0, λ1 − λ2 − λ3 − λ4),
where λis are the square roots of eigenvalues of ρ(σ
y ⊗
σy)ρ∗(σy ⊗ σy) in decreasing order and ρ∗ is complex
conjugate of ρ. We perform exact diagonalization of the
system Hamiltonian for system sizes N = 8 to N = 15.
For large spin chains (N > 15) we are unable to use the
exact diagonalization technique to calculate the eigen-
values and eigenvectors due to memory constraint of the
computers used for computation. For N = 16, we use
ARPACK (available in MATLAB that uses lanczos al-
gorithm) to calculate first 6 low lying eigen states. The
results obtained using the Lanczos algorithm is compared
with exact diagonalization results for system sizes up to
N = 15 and both the eigenvalues and eigenvectors are
found to be fairly accurate. We find the ground state
and the low lying excited states and calculate the nearest
neighbor concurrence, after tracing out the other qubits.
In Fig. 1 (a), we plot the nearest neighbor concurrence for
the first excited states for the systems with even number
of qubits from N = 8 to N = 16 and notice disconti-
nuities in the plots in the vicinity of the quantum phase
transition point. In Fig. 1 (b), we plot the nearest neigh-
bor concurrence for the first excited states for the systems
with odd number of qubits from N = 9 to N = 15 and
notice a pair of discontinuities in the plots in the vicinity
of the quantum phase transition point. Finite size scaling
analysis is done for data obtained for both even and odd
qubits. In Fig. 2, we plot the nearest neighbor concur-
rence of the ground state as well as of the first excited
state for the spin chain with N = 16. The plot of nearest
neighbor concurrence for qubits is continuous across the
QPT point for the ground state of the system whereas we
notice a sudden drop in the value of concurrence in the
vicinity of the quantum critical point at α16c = 0.24248.
The discontinuity of the bipartite entanglement of the
first excited state of the system indicates the quantum
phase transition point whereas a similar probe applied
to the ground state of the same system fails to detect the
quantum phase transition.
N(even) α
N(even)
c N(odd) α
N(odd)
c,R α
N(odd)
c,L
8 0.24630 9 0.10855 0.33049
10 0.24449 11 0.14910 0.29944
12 0.24349 13 0.17465 0.28243
14 0.25288 15 0.19145 0.27199
16 0.24248
TABLE I. The driving parameter corresponding to the discon-
tinuities in the nearest neighbor concurrence is listed against
the appropriate number of qubits.
In Table I, we have listed the values of the driving pa-
rameters at the discontinuities of the nearest neighbor
concurrence of the first excited states for spin chains of
N = 8 to N = 16 qubits. Similar results for even number
of qubits were found earlier using conformal field theory
by K. Okamoto and K. Nomura [22] for the QPT point,
and our calculated values match with their results up to
the fourth decimal place. The discontinuities associated
with even spin chains are closer to the quantum phase
transition point. The numerical values of αNc decrease
with increasing N, for even number of qubits and asymp-
totically tend towards a fixed value αc. We fit a rational
function F (N) with second degree polynomials in nu-
merator and denominator through the tabulated values
associated with even spin chains;
F (N) =
p1N
2 + p2N + p3
N2 + q1N + q2
(5)
3(a)
(b)
FIG. 1. (color online) Nearest neighbor concurrence in ebits
of the first excited state of the 1-D J1 − J2 Hamiltonian is
plotted with respect to the dimensionless system parameter
α, (a) for spin chains with even number of qubits and (b) for
spin chains with odd number of qubits.
FIG. 2. (color online) Nearest neighbor concurrence in ebits of
the ground state and first excited state of 1-D J1 −J2 Hamil-
tonian is plotted with respect to dimensionless system param-
eter α for system size N = 16 (using partial ARPACK diago-
nalization). The solid black dots represent first excited state
concurrence (C161 ) and smaller blue dots represent ground
state concurrence (C160 ).
where p1 = 0.2412, p2 = 0.1477, p3 = 0.4848, q1 =
0.6151, and q2 = 0.5081. In Fig. 3 we plot the posi-
tion of discontinuities of the nearest neighbor concur-
rence α
N(even)
c with respect to system size N. We choose
the rational function because of its known advantages
FIG. 3. (color online) The position of discontinuities of the
nearest neighbor concurrence α
N(even)
c is plotted with respect
to system size N. F (N) is the curve fitted through these
points.
in extrapolation. The QPT point is estimated to be at
αc ≈ 0.24116 from the extrapolated function.
It may be noted that there are two discontinuities in
nearest neighbor concurrence of odd spin chains which
appear to asymptotically converge to some point of the
system parameter α. We have listed the right shifting as
well as left shifting discontinuities for spin chains with
odd number of particles from N = 9 to N = 15 in Ta-
ble. I. To study the convergence of the two discontinuities
and to gain further insight into finite size quantum spin
systems engineered in the laboratories, we study the scal-
ing of the QPT points with respect to N.
In Fig. 4 (a) we plot log2
(
α
N(even)
c − αc
)
with respect
to log2 (N). We find that a straight line fits the plot,
the equation of which is obtained by the method of least
squares. The sum of squares due to errors (SSE), which
measures the total deviation of the fit from the response
values, associated with the straight line fit is 5.5561 ×
10−5. The equation of the straight line is given by
log2
(
α
N(even)
c − αc
)
= βlog2 (N) + c (6)
with, β = −1.962 and c = −1.715. We may write equa-
tion 6 as
α
N(even)
c = αc + 0.3046 N
−1.962 (7)
From the previous equation we note that α
N(even)
c ap-
proaches αc as N
−1.962. The scaling exponent obtained,
using this method of detection of QPT point, β = −1.962
is significantly high. We use the value of αc obtained by
analysing the even spin chains for the scaling analysis of
odd spin chains. In Fig. 4 (b) and Fig. 4 (c) we plot
log2
(
α
N(odd)
c,R − αc
)
and log2
(
α
N(odd)
c,L − αc
)
with respect
to log2 (N), to study the right-shifting and left-shifting
discontinuities of odd spin chains. The SSE associated
with the plots are 7.2094×10−4 and 1.3726×10−4 respec-
tively and the corresponding equations may be written
as
α
N(odd)
c,R = αc + 9.082 N
−1.92 (8)
4(a)
(b)
(c)
FIG. 4. (color online) (a) log2
(
α
N(even)
c − αc
)
versus
log2 (N) plot, (b) log2
(
α
N(odd)
c,R − αc
)
versus log2 (N) plot
and (c) log2
(
α
N(odd)
c,L − αc
)
versus log2 (N) plot.
α
N(odd)
c,L = αc + 8.64 N
−2.082. (9)
The data points for the odd spin chains fit very well in
the finite size scaling plot and the right and left shift-
ing discontinuities approach αc as N
−1.92 and N−2.082
respectively.
III. THE TWO DIMENSIONAL HEISENBERG
J1 − J2 SPIN SYSTEM
We consider an arrangement of qubits in two dimen-
sional square lattice, where the nearest neighbor spins
are coupled by Heisenberg interactions, with coupling
FIG. 5. (color online) Nearest neighbor concurrence in ebits
of the ground state and first excited state of the 2-D J1 − J2
Hamiltonian is plotted with respect to dimensionless system
parameter α for system size N = 16 (using partial ARPACK
diagonalization). The solid black dots represent first ex-
cited state concurrence (C161 ) and smaller blue dots represent
ground state concurrence (C160 ).
strength J1 and the next nearest neighbor or diagonal
spins are coupled by the same interactions with cou-
pling strength J2. The coupling strengths J1 and J2 are
positive. Magnetic materials such as Li2V OSiO4 and
Li2V OGeO4 can be described by this Hamiltonian [28–
32]. We measure first excited state nearest neighbor con-
currence in a square lattice with (4×4) sites. The system
Hamiltonian is given by
H2D = J1
∑
~σi.~σj + J2
∑
~σi.~σk (10)
where i, j are nearest neighbors (horizontal or vertical)
and i, k are next nearest neighbors or diagonal spins. J1
and J2 are antiferromagnetic. Periodic boundary con-
dition is imposed during computation. The spin model
has been studied using exact diagonalization, field theory
methods [33–35], but the exact phase boundaries are not
known. It is predicted that there are two long range or-
dered phases separated by quantum paramagnetic phase
without long range order, in the system. It has also
been predicted that quantum phase transitions exist from
ordinary-Ne´el order to intermediate phase and from that
intermediate phase to colinear-Ne´el order at α ≈ 0.4 and
α ≈ 0.6 respectively [36, 37]. The intermediate phase [38]
is predicted as plaquette or columnar dimer phase [39–47]
as well as spin fluid phase [48–50].
It can be seen from Fig. 5 that the nearest neigh-
bor concurrence of the ground state goes to zero and
indicates the columnar-dimer to collinear-Ne´el QPT at
α = 0.58. Further, there is a sudden disappearance of
nearest neighbor concurrence of the first excited state at
α = 0.4078, indicating the ordinary-Ne´el to columnar-
dimer QPT point. Note that the ground state nearest
neighbor concurrence does not detect the ordinary-Ne´el
to columnar-dimer QPT point.
5FIG. 6. The Shastry-Sutherland lattice with 16 sites. The
horizontal and vertical lines represent nearest neighbor cou-
pling strength J1 and the specific diagonal lines represent next
nearest neighbor coupling strength J2.
IV. THE SHASTRY-SUTHERLAND SPIN
SYSTEM
We study the entanglement properties of the first
excited state of the Shastry-Sutherland quantum spin
Hamiltonian for a (4 × 4) square lattice, the schematic
diagram of which is shown in Fig. 6.
The Hamiltonian of the spin system is given by
HSS = J1
∑
~σi.~σj + J2
∑
~σk.~σl (11)
where i, j are the nearest neighbors (horizontal and ver-
tical) and k, l are the specific diagonal pairs [51] shown
in Fig. 6. The coupling strengths J1 and J2 are both
positive. Periodic boundary condition is imposed during
computation.
It is predicted that the system goes through two quan-
tum phase transitions from Ne´el to intermediate phase
and from intermediate phase to dimer, driven by quan-
tum fluctuations [52, 53]. The nature of the intermediate
phase is not yet known. The quantum phase transition
from an intermediate phase to dimer phase has been pre-
dicted by bipartite as well as multipartite entanglement
measures applied on the ground state of the system [8]
at α ≈ 1.53. However, for this system a multipartite
entanglement measure, namely the generalised geomet-
ric measure applied on the ground state of the system
detects both the quantum critical points, from Ne´el to
intermediate phase at α ≈ 1.05 and from intermediate
phase to dimer at α ≈ 1.53.
In Fig. 7, we note that for α ≥ 1.52798 the nearest
neighbor concurrence of the first excited eigenstate of
the Hamiltonian HSS (C
16
1 ) suddenly becomes zero. The
drop in the value of concurrence is sudden indicating the
quantum phase transition.
FIG. 7. (color online) Nearest neighbor concurrence in ebits
of the first excited state of the Shastry-Sutherland Hamilto-
nian (C161 ) is plotted with respect to the dimensionless driving
parameter α for system size N = 16 (using partial ARPACK
diagonalization).
V. CONCLUSIONS
We have investigated the 1D Heisenberg J1 − J2 spin
chain, the 2D Heisenberg J1 − J2 spin system and the
Shashtry-Sutherland spin system from the viewpoint of
bipartite entanglement of their low-lying eigen states.
The quantum phase transition points and the phase di-
agrams of the above mentioned many-body spin systems
have often been studied in the past [8, 22, 23, 38, 52–
55]. However, there remains a few unanswered questions
regarding the behavior of such systems with respect to
their quantum phase diagrams. We find that the bi-
partite quantum entanglement measure, concurrence of
nearest neighbors in first excited states, is discontinuous
with the variation of the driving parameter across the
quantum phase transition points. It may be noted that
bipartite and multipartite quantum entanglement mea-
sures applied on the ground state of the system Hamil-
tonian [8] are unable to detect the quantum phase tran-
sition point for the 1D Heisenberg J1 − J2 spin system.
Moreover, the finite size scaling exponents, obtained us-
ing the present investigation for the 1D Heisenberg J1−J2
model, are quite high. The investigation of low-lying ex-
cited states of such many-body Hamiltonians promises to
shed more light on the behavior of quantum spin systems.
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